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We consider quantum phase transitions in a system of bright dipolar excitons which can form
bound pairs (dipolar biexcitons). We assume a narrow resonance in the interaction of excitons
with opposite spins. At sufficiently large density a resonant exciton superfluid transforms into a
superfluid of biexcitons. The transition may be either of the first or the second kind. The average
relative momenta of excitons in the pairs being beyond the light cone, the transition should be
accompanied by reduction of the photoluminescence intensity. Effective magnetic fields due to the
long-range exchange splitting of non-radiative exciton states induce broadening of the biexciton
resonance. The fields shift the position of the gap in the elementary excitation spectrum to a circle
of degenerate minima in the k-space. Closing the new gap defines a second order phase transition
into a mixture of counter-propagating plane-wave excitonic condensates polarized linearly in the
direction perpendicular to their wavevectors. In the resonance energy vs density phase diagram the
novel phase intervenes between the dark biexciton and radiative exciton superfluids.
PACS numbers: 71.35.Lk
Excitonic molecules (biexcitons) have attracted great
interest since the very beginning of the quest for the Bose-
Einstein condensation (BEC) in solids [1]. The concept
of a biexciton is an extension of the analogy between an
exciton and a hydrogen atom to the case of two quasi-
particles : exchange of the constituent fermions in the
spin-singlet configuration stabilizes a bound state of bo-
sons [2–7]. At low temperatures a biexciton condensate
should compete with a condensate of unpaired excitons
[8].
With the advent of semiconductor technology, well-
resolved biexciton lines have been observed in photolu-
minescence (PL) of quantum wells (QW’s) [9–11] and,
more recently, atomically thin layers of transition metal
dichalcogenides (TMD’s) [12–14]. Bilayer structures or
wide QW’s subjected to a transverse electric field host
dipolar excitons with long radiative lifetimes [15–19]. In
sufficiently strong electric fields dipolar repulsion pre-
vents formation of biexcitons and favours excitonic su-
perfluidity [20, 21]. Before completely disappear, howe-
ver, a dipolar biexciton has been predicted to transform
into a resonance [22, 23]. As opposed to a true bound
state, the resonance may have a positive energy and a
finite width defined by tunnelling of excitons under the
dipolar potential barrier. As one increases the density,
a resonantly paired exciton superfluid (X) undergoes a
quantum phase transition to a superfluid of biexcitons
(XX). The dipolar biexcitons are stabilized in the media
by mean-field repulsion, single excitons occurring only as
gapped elementary excitations of the superfluid.
Extended spatial coherence, which may be accessed by
shift-interferometry measurements of the PL [15, 16], is
suppressed in the XX phase due to relative motion of ex-
citons within a molecule [22]. For the same reasons, one
may expect suppression of the PL intensity : as the effec-
tive binding tightens, the excitons are extruded outside
of the "light cone". The latter defines a circle of a ra-
dius q0 in 2D momentum space, inside which an exciton
can recombine emitting a photon [24]. An important new
ingredient of a dark biexciton superfluid (Ω-XX), as com-
pared to the radiative exciton condensates, is the long-
range exchange interaction between electrons and holes
within each exciton. The single-exciton Hamiltonian ac-
counting for the long-range exchange has the form
Hˆ0 =
∑
p,σ=↑,↓
(
~2p2
2m
+
~υp
2
)
aˆ†σ,paˆσ,p
+
∑
p,ϕ
~υp
2
(e−2iϕaˆ†↑,paˆ↓,p + H.c.),
(1)
where p = (p, ϕ) is the 2D wavevector of the exciton
translational motion and one assumes p q0. The lower-
energy eigenstate ψ⊥p (r) = eipr(−e−2iϕ |↑〉 + |↓〉)/
√
2S
of (1) is a plane wave polarized linearly in the direc-
tion perpendicular to p in the quantization area S. Its
dispersion E⊥(p) = ~2p2/2m is split from the upper
branch E‖(p) = ~2p2/2m + ∆LT(p) polarized along p
by the amount ∆LT(p) = ~υp known as the longitudinal-
transverse (LT) splitting [25–27]. The LT splitting para-
meter is given by
υ = 1/τq0, (2)
where τ is the radiative lifetime of excitons. Note, that
in contrast to the single-particle dispersions in the pre-
sence of conventional spin-orbit (SO) coupling [28–35],
the function E⊥(p) is monotonous.
The transverse polarization of ψ⊥p corresponds to ali-
gnment of the exciton pseudospin along the effective ma-
gnetic field Ω(p) = (Ωx,Ωy), with Ωx(p) = −υp cos(2ϕ)
and Ωy(p) = −υp sin(2ϕ) (Fig. 1). In this article, we
show that in the dark biexciton superfluid the micro-
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2Figure 1. Sketch of the two-body interaction potentials for
excitons with parallel (dashed line) and anti-parallel (solid
line) spins. The latter features a biexciton resonance with
energy ε and natural width β defined by tunneling of exci-
tons under the barrier due to the dipolar repulsion. The inset
shows orientations of the effective magnetic field Ω(k) with
respect to the exciton wavevector k. The field Ω(k) couples
the |↑↓〉 and |↑↑〉 (or |↓↓〉) scattering channels, thus inducing
additional broadening of the resonance.
scopic fields Ω(p) unify to produce a new efficient pair-
breaking mechanism. The fields shift the position of the
gap in the Ω-XX elementary excitation spectrum from
p = 0 to a circle of roton-like minima at |p| = pΩ,
as shown in Fig. 2. This spectacular N -body effect per-
sists in a properly defined thermodynamic limit N →∞,
S → ∞ and τ → ∞, where the LT splitting of single-
particle states (2) is vanishingly small. The magnitude
of pΩ [Eq. (17)] is defined by the balance between the
kinetic energy and interaction of the exciton spin with
the exchange field enhanced by the molecular coherence.
As a result, depairing of the biexciton superfluid occurs
into a superposition of pΩ and −pΩ plane-wave excitonic
condensates polarized transversely to pΩ [Eq. (22)]. We
denote this novel phase as Ω-X-XX. Linearly polarized
excitonic waves in the Ω-X-XX phase originate from reso-
nant depairing of a BCS-like condensate of loosely bound
excitonic molecules. The wavevector pΩ [Eq. (20)] has
its maximum value at the Ω-XX/Ω-X-XX phase transi-
tion boundary and approaches the light cone q0 as one
decreases the density. At that point the Ω-X-XX phase
turns into the radiative exciton superfluid X.
The full many-body Hamiltonian reads Hˆ = Hˆ0 + Vˆ ,
where
Vˆ =
1
2S
∑
p1,p2,q,σ,σ′
aˆ†σ,p1+qaˆ
†
σ′,p2−qVσσ′(q)aˆσ,p1 aˆσ′,p2
(3)
is the two-body interaction in a binary mixture of inter-
acting particles in the quantization area S and Vσσ′(q) =
Figure 2. Sketch of the phase diagram of a resonantly paired
exciton condensate in the narrow-resonance limit (ε β). For
sufficiently large |ε| the biexciton phase (XX, gray and Ω-XX,
dark gray colors, respectively) is characterized by suppressed
PL intensity as compared to the exciton condensate (X, light
gray). The exchange fields acting on the non-radiative exci-
tons split the first-order X/XX phase boundary (dashed line)
into two second-order (solid) lines representing the bounda-
ries of a new Ω-X-XX phase. The star indicates position of a
typical experiment with non-dipolar excitons (see, e.g., Ref.
[10]).
∫
e−iqrVσσ′(r)dr. The potentials V↑↑(r) and V↓↓(r) are
repulsive at all distances, whereas V↑↓(r) features a re-
sonance, characterized by its energy ε and width β (Fig.
1). Throughout this article we assume ε β.
For a typical MoS2-based heterostructure the momen-
tum cutoff imposed by the light cone corresponds to the
pair energy on the order of ε ∼ 10 µeV. At the X-XX
transition one has ε ∼ µ. The chemical potential of a 2D
exciton condensate can be estimated by using the trans-
cendental formula µ = 4pi/ ln(Ea/2µ)~2n/m [36], where
m is the exciton mass, Ea = ~2/ma2 with a being on
the order of the exciton Bohr radius aX. We thus obtain
n ∼ 1010 cm−2 for the reference exciton density separa-
ting the radiative and dark regimes. At such densities the
system shares analogies with gaseous atomic superfluids
[37, 38].
It is instructive to discuss first the infinitely narrow re-
sonance limit (β = 0) of the radiative X and XX phases.
The LT splitting is absent and we may describe the
ground state by the following system of Gross-Pitaevskii
equations
2µΨB = (ε+ gB|ΨB|2 + g↑B|Ψ↑|2 + g↓B|Ψ↓|2)ΨB
µΨσ = (gσ↑|Ψ↑|2 + gσ↓|Ψ↓|2 + gσB|ΨB|2)Ψσ,
(4)
where Ψσ and ΨB stand for the exciton and biexciton
order parameters, respectively, and σ = {↑, ↓}. One has
2|ΨB|2+|Ψ↑|2+|Ψ↓|2 = n. The effective interactions gσσ′
3Figure 3. The pair-breaking excitation spectrum of the Ω-
XX phase [Eq. (15)]. We use the units ~2q20/m and q0 for the
energy and wavevectors, respectively. In these units we take
ξ˜0 = 5 and
√
NBα˜ = 0.5. The collective effect of the exchange
fields is governed by the combination
√
NB/τ˜ and consists in
appearance of a circle of roton-like minima in each branch of
the spectrum. We take
√
NB/τ˜ = 1.5, which corresponds to
several hundreds of excitons in a typical TMD-based hetero-
structure [19]. The tube in the middle marks the boundary of
the light cone.
account both for the short-range part and the dipolar
tail of the bare potentials Vσσ′(r) [36]. The phenomeno-
logically introduced potentials gσB and gB are positive
constants on the order of gσσ′ . By symmetry, we assume
g↑↑ = g↓↓ ≡ gX, g↑B = g↓B ≡ gXB and |Ψ↑| = |Ψ↓|. Mis-
cibility of excitons with different spins requires g↑↓ < gX.
We may let g↑↓ ≡ 0 without loss of generality.
Solving the system (4) yields the phase diagram shown
in Fig. 2. The region ε < 0 corresponds to a true
bound state, as is realized, e.g., with non-dipolar ex-
citons. Condensation here occurs directly into the XX
phase with the condensate density growing as |ΨB|2 =
(2µ − ε)/gB. Signatures of such second-order transition
in the exciton thermodynamics were reported in Ref. [10].
As the distance d between the electron-hole layers
crosses the threshold value dc ∼ aX, the bound state
turns into a resonance. Close to dc one has ε ∝ d − dc
[23]. In the region ε > 0 the condensation starts in the
X phase at the second-order phase transition line µ = 0.
Depending on whether √gXgB < gXB or √gXgB > gXB,
the subsequent transition to the XX phase may be either
of the first or the second kind, respectively. The second-
order transition occurs via an intermediate mixed phase
(X-XX), where a fraction of biexcitons is dissolved in
the X superfluid. The X/X-XX second-order boundary
is located at µ = ε/(2 − gXB/gX). As one increases the
chemical potential µ, the biexciton fraction grows and at
µ = ε/(2− gB/gXB) (5)
the X-XX mixture continuously turns into the XX su-
perfluid. Assuming that the effective interactions are in-
versely proportional to the reduced mass of the particle
relative motion [36], one may conclude that the transi-
tion should be first order (dashed line in Fig. 2). The
situation changes in the dark regime, as we show below.
We now consider ε > 0 sufficiently large for the XX
phase to be dark. In this case the excitons are subjected
to the exchange fields [Eq. (1)]. We notice that at the
two-body level the exchange field Ω(p) couples the |↑↑〉
and |↓↓〉 repulsive scattering channels to the |↑↓〉 pairing
channel. One may also say that the exchange destroys a
biexciton by flipping the spin of either of the two exci-
tons. This motivates us to consider the following BCS-like
Hamiltonian [formal derivation starting from Eq. (1) can
be found in Methods]
HˆΩ = EB +
∑
p,σ=↑,↓
ξpaˆ
†
σ,paˆσ,p +
gX
2S
∑
p1,p2,q,σ
aˆ†σ,p1+qaˆ
†
σ,p2−qaˆσ,p1 aˆσ,p2
+
√
NB~υ
∑
p,ϕ
[φpp(e
−2iϕaˆ†↑,paˆ
†
↑,−p + e
2iϕaˆ†↓,paˆ
†
↓,−p) + H.c.]−
√
NBα
∑
p
(aˆ†↑,paˆ
†
↓,−p + H.c.).
(6)
Here
EB = (ε− 2µ)NB + gBN
2
B
2S
(7)
is the (grand canonical) energy of the molecular conden-
sate and
ξp =
~2p2
2m
+
~υp
2
+ gXB|ΨB|2 − µ (8)
is the energy of unpaired excitons in the mean-field po-
tential produced by the molecules. The occupation num-
ber NB is related to the molecular order parameter by
|ΨB|2 = NB/S. The last term with
α =
√
~2β
2pimS
(9)
accounts for the finite width β of the resonance due to
dissociation through the dipolar potential barrier [23].
One may see, that the presence of a molecular conden-
sate enhances the exchange field by the factor
√
NB. In
order to highlight this striking observation, we take ad-
vantage of the long lifetime τ of dipolar excitons and
define a large parameter of the theory
τ˜ =
~q0
mυ
 1. (10)
4In the thermodynamic limit NB →∞ we keep finite the
combination
√
NB/τ˜ by letting τ → ∞. This procedure
eliminates the LT splitting from the few-body physics.
Thus, the biexciton energy ε and the wavefunction of the
exciton relative motion φk can be obtained from the one-
channel Schrodinger equation(
−~
2
m
∆ + V↑↓(r)
)
ϕ↑↓(r) = εϕ↑↓(r), (11)
with
ϕ↑↓(r) =
1√
S
∑
k
φke
ikr. (12)
By virtue of the spherical symmetry of V↑↓(r) the phase
of φk does not depend on k. Our choice of the sign of
the last term in (6) corresponds to this phase being zero.
Since we are concerned with the wavevectors k much lo-
wer than the inverse molecular radius, we conveniently
take φk ≡ 1.
It is also convenient to define a small parameter
α˜ =
mα
~2q20
 1, (13)
which goes to zero as S → ∞ in the thermodynamic
limit. The combination
√
NBα˜ is fixed by the biexciton
density NB/S. We shall also keep fixed the product
α˜τ˜ ∼ 1, (14)
which reads ατ ∼ ~ in the original units.
In the Ω-XX phase one may neglect the interaction
between unpaired excitons [the third term in the Ha-
miltonian (6)]. The standard Bogoliubov-de-Gennes ap-
proach then yields the spectrum of elementary excita-
tions
ε(±)p =
√
ξ2p −NB(α∓ 2~υp)2. (15)
In the interval
2NBτ˜
−2 < ξ˜0 < 4NBτ˜−2 (16)
the lower branch of the spectrum develops a circle of
roton-like minima at
pΩ = q0
√
2(4NBτ˜−2 − ξ˜0) (17)
(see Fig. 2). Here ξ˜0 = mξ0/~2q20 is a dimensionless mea-
sure of proximity to the second-order phase transition
boundary in the radiative regime. The new gap reads
∆Ω =
√
8NBτ˜−2(ξ˜0 − 2NBτ˜−2) (18)
and its closure defines a second-order transition to a novel
Ω-X-XX phase whose nature will be elucidated below. In
writing Eqs. (16),(17) and (18) we have taken advantage
of the relationship (14). In the ε versus µ phase diagram
the Ω-XX/Ω-X-XX boundary is obtained by counter-
clock-wise rotation of the ray (5) substituting gXB by
g∗XB = gXB − (2pi)−1
2~2
m
(α˜τ˜)−2β˜, (19)
with β˜ = mβ/~2q20 . We thus see, that the exchange fields
in combination with the natural broadening of the reso-
nance β favour the inequality √gXgB > g∗XB suggesting
existence of a mixture of excitons and their molecules.
In contrast to the X-XX mixture discussed previously
for the radiative regime, the X-component of the Ω-X-XX
phase represents a superposition of plane-wave conden-
sates. The corresponding mean-field energy density can
be obtained from Eq. (6) by substituting aˆσ,p/
√
S →
Ψσ,±qδp,±q, where δp,q = 1 for p = q and δp,q = 0 other-
wise. Canonical transformation of the resulting quadratic
form shows that the minimum of the energy is achieved
by the choice Ψσ,q = Ψ∗−σ,−q and Ψ↑,q = −e−2iϕΨ↓,q
with q = pΩ,
pΩ = 2
√
NBτ˜
−1q0 (20)
and |Ψ↑,±q| = |Ψ↓,±q| ≡ |ΨX|, where
|ΨX| =
√
2NBmυ2 +
√
NBα+ µ− gXB|ΨB|2
2gX
. (21)
The exciton order parameter
ΨX(r) =
1
2 (−e−2iϕ |↑〉+ |↓〉)(ΨXeipΩr − e2iϕΨ∗Xe−ipΩr)
(22)
is a mixture of counter-propagating plane-wave exciton
condensates with their spins aligned along the exchange
fields Ω(±pΩ) (all pointing in the same direction). Such
spin configuration corresponds to the exciton linear pola-
rization perpendicular to pΩ, consistently with the trans-
verse polarization of the lower eigenstate of (1). As one
reduces the molecular fraction NB, the wavevector (20)
approaches the light cone. At that point the Ω-X-XX
phase merges with the radiative exciton condensate X.
Detailed investigation of this latter phase transition is
outside the scope of the present study and will be given
elsewhere.
Our consideration reveals that the BCS-BEC tran-
sition of bosonic pairs triggers spontaneous alignment
of (pseudo)spins and effective magnetic fields associated
with the constituent particles. In contrast to the pheno-
menon of SO-coupled BEC [31–35], this purely many-
body effect does not require the presence of a finite-
momentum minimum in the single-particle dispersion.
The proposed setting of bright dipolar excitons in TM-
D’s and QW’s provides the most neat demonstration of
the new phenomenon due to smallness of the LT splitting
of the single-exciton states and monotonous character of
their dispersions. However, our finding clearly goes far
5beyond this particular scenario. We expect that our idea
may be extended to the problems of fermionic pairing in
the presence of SO-coupling [39]. Thus, our approach may
shed light on the mechanism of formation of polarized ex-
citonic condensates from SO-coupled electrons and holes
[34], on the influence of SO coupling on the BCS-BEC
crossover [40, 41] and on the occurrence of line nodes
in the excitation gap of (otherwise) conventional s-wave
superconductors [42].
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METHODS
In order to derive the SO-coupled term appearing in
the BCS-like Hamiltonian (6), we first consider single-
particle Hamiltonians of the form
Hˆi =
~2
2
(
m−1∗ kˆ
2
i m
−1
LTkˆ
2
−,i
m−1LTkˆ
2
+,i m
−1
∗ kˆ
2
i
)
(23)
which posses the useful property
Hˆ1 + Hˆ2 =
~2
4
(
m−1∗ Kˆ
2 m−1LTKˆ
2
−
m−1LTKˆ
2
+ m
−1
∗ Kˆ
2
)
+ ~2
(
m−1∗ kˆ
2 m−1LTkˆ
2
−
m−1LTkˆ
2
+ m
−1
∗ kˆ
2
)
.
(24)
Here the index i labels the particles,
m∗ = m+mLT
with m being the particle mass, kˆ±,i = kˆx,i ± ikˆy,i and
we have introduced Kˆ = kˆ1 + kˆ2, Kˆ± = kˆ±,1 + kˆ±,2,
kˆ = (kˆ1 − kˆ2)/2, kˆ± = (kˆ±,1 − kˆ±,2)/2. The spin basis
is |↑〉 and |↓〉. The Hamiltonians of the type (23) govern
the dynamics of the lower exciton-polaritons in planar se-
miconductor microcavities. Derivation of a BCS-like Ha-
miltonian for the single-particle Hamiltonians (23) will be
presented below. The BCS-like pairing Hamiltonian (6)
for the Ω-X-XX and Ω-XX phases of excitons, which is of
interest in this work, can be obtained along the same lines
in the particular case of zero center-of-mass momentum
of the pairs. The corresponding passage will be discussed
in the end of the section.
In the second quantization the general form of the pai-
ring Hamiltonian reads
Hˆ =
1
2
∑
σ1σ2σ3σ4
∑
k,K,q,Q
Hk,K,q,Qσ1σ2σ3σ4Cˆ†σ2σ1,q,QCˆσ3σ4,k,K ,
(25)
where the pair annihilation operator Cˆσσ′,k,K stands ei-
ther for a pair of free particles with the same spin,
Cˆσσ,k,K ≡ aˆσ,−k+K/2aˆσ,k+K/2, or for the molecular ope-
rator, Cˆ↑↓,k,K = Cˆ↓↑,k,K ≡ BˆK . In the latter case the
summation in (25) over k (q) is consistently absent. The
matrix elements are defined as
Hk,K,q,Qσ1σ2σ3σ4 =
∫
ψ∗σ2σ1(r,R)Hˆψσ3σ4(r,R)drdR (26)
with r = r1−r2 andR = (r1+r2)/2. The wave functions
are taken as
ψσσ(r,R) =
1
S
eikr+iKR |σσ〉 (27)
for free particles and
ψ↑↓(r,R) =
1√
S
eiKRϕ↑↓(r) |↑↓〉 (28)
for the molecules. Here, the function ϕ↑↓(r) is a solution
of the Schrodinger equation(
~2kˆ2
m∗
+ V↑↓(r)
)
ϕ↑↓(r) = εϕ↑↓(r), (29)
where the 2D potential V↑↓(r) is assumed to be spheri-
cally symmetric. Upon substitution of
ϕ↑↓(r) =
1√
S
∑
k
φke
ikr (30)
into Eq. (29) one gets(
ε− ~
2k2
m∗
)
φk =
1
S
∑
q
V↑↓(q − k)φq, (31)
which shows that the phase of the function φk does not
depend on k.
The operator Hˆ in Eq. (26) is a sum of a free part
constructed by the Kronecker summation of the single-
particle Hamiltonians (23) and the two-body interaction :
Hˆ = Hˆ1 ⊕ Hˆ2 + Vˆ, (32)
where
Vˆ =

V↑↑(r) 0 0 0
0 V↑↓(r) 0 0
0 0 V↓↑(r) 0
0 0 0 V↓↓(r)
 . (33)
By collecting the diagonal terms one obtains
1
2
∑
σ,k,K
(
~2K2
4m∗
+
~2k2
m∗
)
Cˆ†σσ,k,KCˆσσ,k,K
+
1
2S
∑
k,q,K,σ
aˆ†σ,−q+K/2aˆ
†
σ,q+K/2Vσσ(k − q)aˆσ,−k+K/2aˆσ,k+K/2
+
∑
K
(
~2K2
4m∗
+ ε
)
Bˆ†KBˆK .
(34)
6The first term is just the overall kinetic energy in a sub-
system of free particles counted by pairs. This term can
be recast in the standard form∑
σ,k
~2k2
2m∗
aˆ†σ,kaˆσ,k.
The second term in (34) is the two-body interaction bet-
ween the particles with alike spins. This term can be
approximated by [36]
g
2S
∑
k,q,K,σ
aˆ†σ,−q+K/2aˆ
†
σ,q+K/2aˆσ,−k+K/2aˆσ,k+K/2,
(35)
where g is the effective potential and we omit the
momentum-dependent correction due to the dipolar tail
of the potential assuming that this correction is small as
compared to the contact part.
The off-diagonal terms yield
~2
mLT
∑
k,K
[(
K2−
4
+ k2−
)
φkBˆK aˆ
†
↑,−k+K/2aˆ
†
↑,k+K/2 +
(
K2+
4
+ k2+
)
φkBˆK aˆ
†
↓,−k+K/2aˆ
†
↓,k+K/2 + H.c.
]
.
The molecular condensate is characterized by macrosco-
pic occupation of the molecular state with K = 0. Fol-
lowing the Bogoliubov prescription one may let BˆK =√
NBδK0, where δK0 = 1 for K = 0 and δK0 ≡ 0 other-
wise. One may then see, that the pair coherence enhances
dramatically the effective magnetic field due to the LT
splitting. For large molecular occupation numberNB  1
one may have a sizeable effect even for vanishingly small
LT splitting of the single-particle states. The use of a
single Eq. (29) (where one may let m∗ = m) for deter-
mination of the bound state energy and wavefunction is
fully justified in this case.
Finally, we notice that the requirement for the single-
particle Hamiltonians of the type (23) to posses the pro-
perty (24) may be relaxed if in considering the molecules
one limits themselves to the K = 0 state only. Thus, for
a radiative doublet of excitons with k > q0, where q0 is
the boundary of the "light cone", one may write
Hˆ =
∑
σ,k
(
~2k2
2m
+
~υk
2
)
aˆ†σ,kaˆσ,k +
g
2S
∑
k,q,K,σ
aˆ†σ,−q+K/2aˆ
†
σ,q+K/2aˆσ,−k+K/2aˆσ,k+K/2
+ εNB + ~υ
√
NB
∑
k
(
ke−2iϕφkaˆ
†
↑,−kaˆ
†
↑,k + ke
2iϕφkaˆ
†
↓,−kaˆ
†
↓,k + H.c.
)
.
(36)
We have neglected momentum-dependence of the exci-
ton effective interaction g thus excluding the dipolar-
supersolid scenario from the consideration [22, 23, 43].
This is justified in the present case by smallness of the na-
tural broadening of the resonance β and low exciton den-
sities. In the thermodynamic limit NB → ∞ one should
let υ → 0, omit the ~υk/2 term in the kinetic energy and
use Eq. (29) with m∗ = m for determination of ε and φk.
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